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Abstract

In this paper, we propose a Bayesian methodology for examining differences between statistics
of a social network at two distinct points in time. The problem has been of interest for some time
in the social networks community because it is quite difficult to test whether differences over
time in statistics such as overall network connectivities are significant. Several issues make this
problem challenging: links in a social network tend to be dependent, and the networks at the two
different points in time are likely to be dependent as well. This implies, for example, that
bootstrapping a social network to address this problem may be impractical. This paper expands
on a previously published Bayesian version of the p, model for social networks with random

effects, which allows for dependence between the edges of the networks. We use the software
Winbugs to obtain posterior distributions for the difference in connectivity over time and for the
correlation between each actor’s connectivities in the network at both points in time. We assume
that this correlation is the same for all actors. We illustrate our methods with the case of a social
network of collaborations (joint publications) between departments of a business university
where interdisciplinary work was actively promoted. Our methods allow us to compare the
tendency to make collaborative links across departments before and after the administrative
initiatives.
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I ntroduction

The comparison of two networks at two (or
more) different points in time has been
approached in social network literature in
the following ways. Wasserman and
lacobucci (1988) attempted to test the
equality of model parameters across two or
more time periods by where extensions of
the p, model are used, but where dyads at a

given point in time are still assumed to be
independent. To try to overcome the
difficulty of both relaxing the assumption of
independent dyads (links between pairs of
factors) and the observations of the same
relation at two or more time points (which of
course are not likely to be independent),
Snijders (1996) proposed to model the
longitudinal network as a simulated Markov
chain, with parameters estimated via the
method of moments. However, this method
does not readily lend itself to testing the
significance of a difference in parameter
values across time periods, and is quite
difficult to implement.

The paper by Faust and Skvoretz (2002)
goes in another direction by introducing

methods which rely on the p model

proposed by Wasserman and Pattison
(1996) and attempts to compare networks
with different sizes, across different time
periods and even different entities. The
paper also includes a useful review of the
literature to date on issues of comparing
different relations on the same actors, or the
same relation at several points in time, or
across different groups, inclusive of the
papers mentioned immediately above.
However, the emphasis in the Faust and
Skvoretz article is not on testing whether a
particular aspect of the network has changed
significantly over time.

It is this last issue — investigating shifts
in a particular network parameter across two
points in time — which is the focus of this

article. The problem is a challenging one,
because, for instance, attempts to use
procedures such the bootstrap to obtain
estimates of standard errors hit against the
problem that dyads are not independent, so
that it is impractical to bootstrap a socio-
matrix of ones and zeros which are not
independent, even when only one network is
under consideration (at one fixed point in
time). Bootstrapping independent and
identically-distributed quantities such as
regression residuals is possible (and is
indeed common), but, unfortunately, to
bootstrap a socio-matrix, one would need to
respect the dependency structure of the ones
and zeros while sampling, which is very
complicated. = Even more intractable is
bootstrapping two dependent socio-matrices
made up of dependent ones and zeros.

We, therefore, propose to follow a
Bayesian approach introduced in the context
of social networks by Wong (1987) and
extended by Gill and Swartz (2004). As
outlined in the latter article, the p, model,

with fixed effects proposed by Holland and
Leinhardt (1981), was improved by Wong
(1987) by incorporating random effects. The
main difference is that the original p, model

assumes independence between the links,
whereas with random effects, some
dependence structures can be incorporated.

The article is organized as follows:
section 2 describes the data and the context
that will be used to illustrate our approach;
section 3 presents the Bayesian model we
propose for our networks; and section 4
gives results and conclusions.

Data

In the Fall of 2001, our institution, a large,
independent business school in
Massachusetts, began a program specifically
intended to encourage interdisciplinary
research collaborations among the faculty.



The institution has been accredited by the
Association to Advance Collegiate Schools
of Business International (AACSB) since
1991 and has made major investments to
establish a strong teaching and research
capability, especially emphasizing the
intersection of business and information
technology.

In the period leading up to and
immediately following the initial AACSB
accreditation, the institution was entering a
transition phase from a predominantly
undergraduate teaching institution to a more
comprehensive university. Buoyed by a
measurable growth in reputation, rankings,
and student quality, a development objective
evolved into transforming the institution into
a business university. It became clear that
faculty could reach a new level of reputation
and contribution only by focusing on major
current issues facing the business world,
rather than spending much of their time in
isolated academic niches that might have
much less impact on the practice of
business. Such major current issues are
almost invariably interdisciplinary in nature.

The institution decided to work
proactively to facilitate the formation of
faculty research teams focused on major
issues that suited their interests and
backgrounds, and the administration first
issued a request for proposals (RFP) to the
faculty near the end of 2001. Funds could be
requested for a variety of purposes, such as
course reductions, summer stipends, and
various expense items'; even to the point
where an intensive faculty research seminar
might substitute for part of the teaching load
of major participants.

Considering the faculty as a social
network, we let each faculty department be a
node (vertex) in the network, and
connections among  departments  be
determined by faculty in a department doing

! Expense items include travel, data acquisition,
student assistants, ongoing research seminars, etc.

scholarly work with faculty in other
departments. Therefore we consider the
network  of  co-publication  between
departments (1 if at least one article was
jointly authored by at least one member of
each department, 0 if not) at two distinct
periods of time, in *00-’01 and in ’03-’04.
The reason for this particular split is because
of the time when some programs were
launched (e.g. RFP program) and what
authors believe to be a turnaround point in
the university development. Note that the
network is undirected.

We obtain our data from our faculty
research database, which had recently been
updated in connection with our re-
accreditation from the AACSB. The
visualization of the two networks at the two
points in time is given in Figure 1. We only
took into consideration journal articles, since
we felt that journal articles were the best
category of scholarly work to account for
the quality and quantity of the faculty
scholarship activity.’

Visual evidence from Figure 1 would
seem to indicate a clear increase in the
connectivity of the network. We will now
examine this issue more formally and
describe our Bayesian model in the next
section.

? Since the RFP initiative had the underlying intent to
encourage a better interaction among internal faculty
resources, our data set does not record the
departments for authors external to the institution.



Figure 1. Collaboration Network in 2000-2001 (top) and 2003-2004 (bottom)

@. {

Q\Pu

e.
AL

Gray vertices are Arts and Sciences departments,
black vertices are Business departments or
Administration. The thickness of the lines is
proportional to the number of joint publications
between the two nodes it joins; the size of a vertex is
proportional to the node’s degree, including itself
twice. Abbreviations for the departments are as
follows: NS for Natural Sciences, ML for Modern
Languages, Int for International Studies, BPS for
Behavioral and Political Science, CIS for Computer
Information Systems, IDCC for Information Design
and  Corporate =~ Communication, Adm  for
Administration.
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Since in our case the ties are non-
directional, the p, model can be

written in the following way:'

Yijk11 =1if i and j are connected, 0
otherwise
Yijk00 =1if i and j are not connected,

0 otherwise
InP(Y, =1)= 4
InP(Y)\, =D)=A +6"+a +a; .

The index k denotes the time
period and indices 1 and j refer to
departments. Because each pair of
departments (i, j) can be either linked

or un-linked, the matrix Yijkoo is a

simple opposite of the matrix Yijk11 i

Y k

the sense that Y, can be obtained
from Yijk11 by replacing zeros with
ones and ones with zeros. The matrix
Yijkl
with its ones indicating where a link occurs.
The probability P(Yijk1 , =1) represents the
probability of a link occurring between
departments i and j, at time Kk, and
P(Yijk00 =1) represents the probability that no

, 1s often referred to as the socio-matrix,

such link exists.

We will make the convention that k = A
for the '00-'01 social network and k =B for

! We adopt the Wasserman and Faust (1994)
formulation.



the '03-'04 social network. The parameter
0% is called the choice parameter and is a
measure of the overall connectivity of the
network, and ¢ is the attractiveness

parameter correspondent to node i for
period k. We observe also that ﬂfj is not a

parameter, but rather a fixed -constant
subject to the

constraint, F’(Yijk00 =1)+ PWijk“ =1)=1.

In a Bayesian analysis, unknown
parameters are considered random variables
with a distribution referred to as the prior
distribution, which reflects knowledge we
might have about the parameters even before
any data are collected. The analysis
produces a posterior conditional distribution
of the parameters given the data, using a
MCMC (Monte Carlo Markov Chain)
simulation procedure, the details of which
are well documented (Congdon 2001 or
Winbugs 2006). The posterior distribution is
proportional to the product of the likelihood
function and the prior density, and as such
takes into account both the prior distribution
and the data (i.e. the observed networks).
Posterior densities typically cannot be
calculated in closed form, which makes
simulating from them difficult; progress in
MCMC methods has made it possible to
simulate from such posterior densities
without fully computing their densities, and
has helped give rise to the fast development
of Bayesian applications. We consider the
following prior distributions for the
parameters of interest:

Given X,

o" 0 :
~N 2, independently  of
6° 0

with ¥ given by

2
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distributed as

., i 1 0
>~ ~ Wishart 21,
0 1

where ~ denotes “is distributed as”. The
choice of our prior distributions is standard
for this particular situation and implies no
particular prior knowledge about where
parameter values might be concentrated. For
instance, the bivariate normal distribution
we have chosen for the wvector of
attractiveness values of a node (for both
periods), with a precision matrix” distributed
according to a Wishart distribution as above
is standard (Congdon, 2001). Note that we
have assumed that the vectors with

components & and o are independent a-
priori of the vector with components 8" and

0° giveny , because there is no particular

reason for our prior belief about the overall
connectivity of the network to be related to
our prior belief about the attractiveness of
each department. On the other hand, it
seems sensible to assume that the precision

2 Precision matrix is the inverse of the covariance
matrix.



of our prior knowledge (represented by =)
is the same for the vectors with components

ol and @« and the vector with

components &" and 6° , and that the a-

priori correlations between «* and «;° are
the same for all i, and equal to the
correlation between 6 and 6° .

We are interested in the difference
A =6° - 6" in the choice parameter 6 from
the former social network '00-'01 to the
latter one '03-'04. We expect to find that the
posterior distribution of A is concentrated
for most of its range in the set of positive
numbers. We are not arguing that this
change can be entirely attributed to the
programs mentioned in the introduction but
merely observe that the difference A is a-
posteriori likely to be positive. However, it
is our belief that the success of the program
was part of the positive change that can be
seen from the analysis.

In the next section, we report the results
of using an MCMC procedure, such as
implemented in the software package
Winbugs to generate random draws from the
posterior distribution of parameters of
interest. Note that Winbugs does not require
that the wuser provide expressions for
auxiliary distributions used in the procedure,
only that the model which generates the data
and the prior distribution be specified.

Results and Conclusions

In the table and figures below we present the
results of the MCMC analysis from the
model outlined in the previous section with
graphs representing kernel densities for the
posterior distributions of the two main
parameters of interest. The statistics
presented in Table 1 and the data which
were used to create kernel densities for the
posterior distributions of parameters of
interest arose from a Winbugs analysis
where we generated 200,000 iterates of the
MCMC procedure. The first 4,000 iterations
were used as a “burn-in”, so the summary
statistics in Table 1 are in fact based on the
196,000 remaining iterates. This is
necessary because the MCMC chain
becomes stationary typically only after a
certain number of iterations, so it is safe to
compute posterior moments (means and
standard deviations) from iterations arising
once the chain has become stationary
(further discussion of the convergence of the
process is given below).

The parameters we focused on are the
difference A = 0® — 6", the choice
parameters #* and 6°, their standard
deviations o, and oy, and the correlation
pbetween 6* and 6°. We also included

summary posterior moments for the
attractiveness of a particular department at
both points in time.



Table1l: Summary Statistics of the Posterior Distribution of Parameters

of Interest, for 196,000 | ter ates

Parameter Mean sb MC error 2.50% Median 97.50%
A 3.69 2.266 0.0824 0.282 3.313 9.346
o~ -7.15 2.705 0.1082 -13.64 -6.722 -2.962
g° -3.46 1.286 0.0489 -6.231 -3.389 -1.096
P 0.798 0.1425 0.0016 0.425 0.835 0.964
o 4.39 1.758 0.0471 2.1 4.022 8.838
o 2.645 0.7466 0.0119 1.568 2.518 4.454
a[1,1] -0.07125 0.7972 0.02401 -1.643 -0.07444 1.518
a[1,2] 2.257 1.486 0.05393 -0.2261 | 2.092 5.683

As we can see in Table 1, the 2.5%

percentile
distribution of the difference A
Zero so
posteriori

Figure 2. Posterior Distributionsfor A and p

Probability

(0.282) from the posterior
1S above
we can conclude that it is a-

very likely that the choice

diff
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| | |
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|
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parameter for interdisciplinary research in
the university has increased from ’00-’01 to
’03-°04. This is also clear from Figure 2, left
panel, where the posterior density of A is

displayed.

rho

Probability
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| | |
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It is also interesting to notice that the
correlation between choice/attractiveness
parameters in ’00-’01 and ’03-°04 is quite

-0.5 0.0 0.5 1.0

high with its posterior mean estimated at
0.798 and its left-skewed posterior
distribution (Figure 2, right panel). This



makes sense given the nature of the data,
where relations among the actors in the
same network are likely to be preserved over
time. Nevertheless due to the increased
activity in the network in the latter period,
the observed increase in the estimates, from
2.645 to 4.39, for the posterior mean
standard deviation of the
expansiveness/attractiveness parameter is
quite natural; 1in the latter period,
departments became more diverse in their
propensity to engage in joint research with
other departments.

When using MCMC techniques to
sample from posterior distributions, an issue
arises about the stationarity of the sequence
of draws, which one would wish to occur
after a number of “burn-in” draws. A visual
examination of the history of the draws will
usually suffice to conclude to stationarity;
however there is always the risk that that
MCMC sampler might get stuck in a sub-
region of the parameter space instead of
exploring the sample space, particularly if
successive draws are strongly auto-
correlated. For that reason, it is desirable
that the auto-correlation between successive
draws should decrease rapidly with the lag
for each parameter of interest. It is not
uncommon, and happens in the case for
example of our parameter A on the
difference between the choice parameters
(referred to as diff on Figure 3), that this
auto-correlation in fact dies down slowly.
This can be seen clearly on Figure 3.

Figure 3. Auto-correlation Between
Draws of the Posterior
Distribution of A , with All
196,000 Draws Included
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In that case, one can sample one out of, for
example, 100 draws of the posterior, which,
typically, will remove the auto-correlation
problem, and then compare the posterior
summaries of the smaller sample with the
full sample. We are grateful to an
anonymous referee for suggesting this very
useful idea. In Figure 4, we can see that the
auto-correlation ~ problem  has  now
disappeared.

Figure4. Auto-correlation Between
Draws of the Posterior
Distribution of A,
with One Out of 100 Draws
(sample with 1960 draws)

diff
1.0
0.5 h

0.0 -
-0.5
-1.0

Figure 5 indicates that stationarity is not in
question, particularly since the draws on
Figure 5 hover about a very similar level to
the level featured on a history graph for the
full sample." This is further supported by
the large number of iterations we used. We
conclude from examining this set of graphs

' A history graph of the full sample is not given here
because it is very similar to Figure 5.



that it is quite unlikely that the MCMC chain p , but graphs for the remaining parameters

was trapped in a sub-region of the sample of interest show that stationarity holds for

space. them as well.
We have presented auto-correlation

graphs for A and history graphs for A and

Figure5: History of drawsfrom the posterior of A and p , onthebasisof one out of 100
draws (sample with 1960 dr aws)
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Table 2 reveals that summary statistics of the posterior distribution of the parameters of interest
evaluated on the sub-sample of one out of 100 draws are close to those in Table 1 evaluated for
the whole sample.

Table2. Summary Statistics of the Posterior Distribution of Parameters of Interest, on the
Basis of the One Out of 100 Sample of 1960 Draws

Par ameter Mean SD MC error 2.50% Median 97.50%
A 3.671 2.263 0.1144 0.2885 3.329 9.289
ol -7.134 2.7 0.171 -13.52 -6.714 -2.912
6° -3.463 1.285 0.0804 -6.248 -3.385 -1.161
P 0.8005 0.1391 0.003079 0.4407 0.8372 0.9668
o, 4.385 1.707 0.06254 2.1 4.017 8.774
o 2.649 0.7586 0.02124 1.566 2.534 4.441




To sum up, we have found that the
Bayesian  methodology  provides a
convenient and effective way of deciding
whether a parameter of interest in a social
network has changed over time. Of course,
because of its flexibility, the methodology
lends itself to other situations which might
prove intractable otherwise, and a whole
variety of social network models can be
formulated in the Bayesian framework. For
instance, Tallberg (2003) proposes a
Bayesian approach to uncovering blocks
within networks of actors which are similar
in the sense that their probabilities of
forming links with other actors are the same.

It is therefore quite likely that Bayesian
methods will find further applications to
problems of interest to social network
researchers where no other method is readily
available. However, a caveat is in order
when using Bayesian methods (or even
when using more classical likelihood
methods). Adding too many parameters
carries with it the risk of over-
parameterization of a model. Over-
parameterization occurs when several values
of the parameters give rise to the same value
of the likelihood function, leading to a
situation where some parameters may not be
identifiable. It is desirable to avoid over-
parameterization because it can lead to some
convergence problems in the MCMC
procedure, even if the problems can to some
extent be overcome by the choice of suitable
priors. However, it is not always easy to
know if a model is over-parameterized; one
may be alerted to it only by wunusual
behavior in the MCMC iterations.'

We also note that when attempting to
compare connectivities of two networks
over time, it is advisable to make sure that
the networks have about the same size, as is

! We refer the reader to papers by O’Neill (2005) and
Rannala (2002) where the issue is discussed.

the case here (the number of actors differs
by only one between the two time periods),
since several network parameters are known
to depend rather critically on network size
(Anderson, Butts and Carley 1999).
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